Mott transition in two-band fermion model with on-site Coulomb repulsion by Karnaukhov, Igor N.
Mott transition in two-band fermion model with on-site Coulomb repulsion
Igor N. Karnaukhov1
1G.V. Kurdyumov Institute for Metal Physics, 36 Vernadsky Boulevard, 03142 Kiev, Ukraine
We provide analytical and numerical solution of the two band fermion model with on-site Coulomb
at half filling. In limiting cases for generate bands and one flat band, the model reduces to the
Hubbard and Falikov-Kimball models, respectively. We have shown that the insulator state emerges
at half filling due to hybridization of fermions of different bands with momenta k and k + pi. Such
hybridization breaks the conservation of the number of particles in each band, the Mott transition
is a consequence of spontaneous symmetry breaking. A gap in the spectrum is calculated depending
on the magnitude of on-site Coulomb repulsion and the width of the band for the chain, as well
as for square and cubic lattices. The proposed approach allows us to describe the formation of the
gap in the fermion spectra in the Hubbard and Falikov-Kimball models within the framework of the
same mechanism for an arbitrary dimension of the system.
INTRODUCTION
The Hubbard model is the most popular model in
condensed matter physics for investigation of the metal-
insulator Mott transition, the Falikov-Kimball model also
describes mixed valence phenomena. The metal-insulator
phase transition is realized in the models at half filling oc-
cupation, while physical properties of insulator state are
different, so the insulator phase in the Falikov-Kimball
model is an excitonic insulator (see [1, 2] for details). The
(1+1)D Hubbard model has been solved exactly by Lieb
and Wu [3], since models with non-degenerate bands are
in principle exactly unsolvable, the Falikov-Kimbal chain
is not integrable.
Approximate methods such as the approximation of
the variational cluster [4], the approximation of the dy-
namic cluster [5], as well as numerical methods such as
the theory of the dynamic mean field [6, 7], the theory of
the cellular dynamic mean field [8] are used to calculate
the phase diagram of the Hubbard model, the magnitude
of the gap in the spectrum of fermions. Unfortunately,
there is a wide range of Uc values (Uc is the minimal value
of the on-site interaction at which the gap in the spec-
trum opens ) calculated by various methods and approx-
imations: according to numerical calculations Uc = 2 [4]
and U c = 6 [8] for a square lattice; in a cubic lattice,
analytical calculations lead to Uc = 0.87 and 2.1 for the
Hubbard-III and Hubbard-I approximations. And finally,
we are not aware of the scenario of the formation of a gap
in the Hubbard model (as in the case of the formation
of a gap in superconductors). There is currently no con-
sensus and understanding the Mott transition. This is
primarily due to the lack of controlled approximations in
the case of strong interaction in low-dimensional lattices.
The article reports on a study of the formation of
gap in the Hubbard and Falikov-Kimbal models in these
seemingly different models. We believe that the nature
of the Mott gap does not depend on the dimension of the
system, namely, such, as in the (1+1)D Hubbard model,
it was formed without breaking the translational sym-
metry in the nonmagnetic state. The renormalization of
the band spectrum with allowance for the interaction be-
tween electrons calculated perturbatively by itself cannot
cause a metal-insulator transition, the phase transition is
result of breaking spontaneous symmetry (see for exam-
ple [9, 10]). In the paper, we use this idea to consider the
two-band model with on-site Coulomb repulsion at half
filling occupation. The formation of a gap in the spec-
trum of fermions in chain and square, cubic lattices is
considered, and the same scenario of the Mott transition
in the Hubbard and Falikov-Kimball models is demon-
strated. These models can be considered as limiting cases
of the considered two-band model.
RESULTS
Half-filled Hubbard model for various dimensions
The Hamiltonian of the Hubbard model has the well-
known form HHub = H0 +Hint
H0 = −
∑
<i,j>
∑
σ=↑,↓
a†i,σaj,σ − µ
∑
j
∑
σ=↑,↓
nj,σ,
Hint = U
∑
j
(
nj,↑ − 1
2
)(
nj,↓ − 1
2
)
, (1)
where a†j,σ and aj,σ are the Fermi operators that deter-
mine the electrons on a site j (σ =↑, ↓ is the spin of the
electron), nj,σ = a
†
j,σaj,σ denote the density operators,
µ is the chemical potential, U is magnitude of on-site
Coulomb repulsion, summation in H0 runs over adjacent
lattice sites.
We will analyze the formation of a gap in the spec-
trum of fermions at half-filling and focus our attention
on opening the gap with increasing interaction in the
chain and square, cubic lattices. The abnormal average,
that breaks the conservation of the number of particles
in each band and leads to breaking spontaneous sym-
metry, is described by the λ-field naturally introduced
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FIG. 1. (Color online) The gapped fermion spectrum of the
Hubbard chain a) (dotted lines fix the gap) and 2D Hubbard
model b), low energy spectrum c) as function of wave vector
calculated at λ = 0.2, the gap is qual to 2λ.
by the Hubbard-Stratonovich transformation (see sub-
section ”methods”). Breaking symmetry leads to for-
mation of a gap in the spectrum of fermions, to the
metal-insulator Mott transition. The solution for λj is
determined by an unknown vector q, on which the en-
ergies of the quasiparticle excitations depend (8), where
λj = exp(iqj)λ. q 6= 0 lifts the degeneracy of the spec-
trum over the spin of electron (splits into two bands),
its value must be found from the minimum energy of
system or action (7). Due to symmetry of the spec-
trum (8), at half filling the chemical potential is equal
to zero for arbitrary U and q. At T=0K the energy of
the system is determined by the quasiparticle excitations
as E =
∑
k,E±(k)<0[E−(k) + E+(k)]. Calculations show,
that the minimum energy E is achieved at q = pi for arbi-
trary λ and dimension of the lattice d. When q = pi, the
gap in the spectrum of fermions opens (see in Figs 1) (in
other words q = pi triggers a gap), the energy decreases.
As result the energies of the quasiparticle excitations
(8) are reduced to the following E(k) = ±√ε2d(k) + λ2,
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FIG. 2. (Color online) The gap ∆ in the fermion spectrum
as function of the strength of the on-site Hubbard interac-
tion in the chain a) (a red line shows the exact solution
∆ = 16
U
∫∞
1
dx
√
x2−1
sinh(2pix/U)
[3, 15]) and square b) and cubic
c) lattices.
where εd(k) = −2
∑d
i=1 cos ki, ki = (kx, ky, kz), where
εd(k + pi) = −εd(k). This solution for q resembles η-
pairing mechanism of electrons with momenta
−→
k and−→
k +−→pi (where −→pi = (pi, pi, pi)), proposed in [11] (see also
[12]), which leads to the condensation of Cooper pairs
with nonzero momentum. As noted by Yang [11], η-
paring is characteristic of lattice models and is absent
in the continuum. We can continue this idea - opening a
gap in the spectrum at a fixed filling is also a prerogative
of lattice models, the considered approach cannot be real-
ized in any continuum model. Such, low energy spectrum
of the Yang-Gaudin Fermi gas with contact interaction
is gapless [13, 14] unlike the Hubbard chain [3].
At half filling occupation an equation which corre-
sponds to the minimal action Seff has the following form
λ
U
− T
∑
k
∑
n
λ
ω2n + E
2(k)
= 0. (2)
At T=0K nontrivial solution for λ follows from equa-
tion 1U =
∑
k
1
2
√
ε2d(k)+λ
2
. In the U→∞ limit the gap is
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FIG. 3. (Color online) δSeff as function of the strength of the
on-site Hubbard interaction for the chain, square and cubic
lattices calculated in two limiting cases for v=1 (the Hubbard
model) and v=0 (the Falicov-Kimball model).
given by ∆ = U, since ∆ = 2λ (see in Figs 1, as an illus-
tration), the result does not depend on the dimension of
the lattice.
In the case of the Hubbard chain we can calculate the
weak coupling limit U → 0. We obtain the following
expression for the gap ∆ ' G exp(−2pi/U), where the
pre-exponential factor G is determined by the integration
region on k near the Fermi energy (µ = 0). According
to exact solutions of the Hubbard [3, 15] and Heisenberg
[14] chains the fermion spectra are gapped at half-filling
for arbitrary on-site repulsion in the Hubbard chain and
in the case of strong coupling in the Heisenberg chain
[14, 16]. We can compare this result with the asymptotic
expression at U → 0 for the gap 8√U/pi exp(−2pi/U)
[3, 15] (see in Fig 2a)). A quantum phase transition be-
tween metal and insulator states occurs at critical value
of the on-site Hubbard interaction Uc, when the gap
opens in the fermion spectrum. In Figs 2b) and 2c) we
present results of numerical simulations for the gap in the
spectrum of square and cubic lattices, respectively. Nu-
merics performed supports numerical calculations, that
in 2D and 3D Hubbard model the gap in the spectrum
opens at a finite value of the on-site Hubbard interaction,
numerical calculation gives the following values Uc = 0.3
for square and Uc = 1 for cubic lattices.
From numerical calculations it is follows, that a non-
trivial solution for λ decreases the action, thus the phase
with the gap in the spectrum is stable, it is the ground
state. Fig3a) presents numerical calculations of the ac-
tion δSeff = Seff (λ)−Seff (0) depending on the on-site
Hubbard interaction for dimension d=1,2,3. The behav-
ior of δSeff is same for different dimension, it is a mono-
tonic decreasing function of U.
Two band model of spinless fermions
We consider same generalization of the Hubbard
model, namely two band model of spinless fermions with
different hopping integrals interacting via the on-site
Coulomb repulsion. The model Hamiltonian is written
as
H = −
∑
<ij>
(ua†iaj + v c
†
i cj)− µ
∑
j
(nj +mj) +
U
∑
j
(
nj − 1
2
)(
mj − 1
2
)
, (3)
where a†j (aj) and c
†
j (cj) are the fermion operators that
determine the spinless fermions of different bands on a
site j, nj = a
†
jaj and mj = c
†
jcj denote the density op-
erators. The Hamiltonian (3) describes the hoppings of
fermions between the nearest-neighbor lattice sites with
the magnitudes u and v, the on-site repulsion between
fermions of different bands is taken into account via pa-
rameter U > 0. At u=v the model (3) reduces to the
Hubbard model (1), where the orbital index is actually
a spin index. In the case of one flat band (v = 0)
the Hamiltonian (3) is reduced to the spinless Falicov-
Kimball model, in which a flat band lies on the Fermi
energy [1, 2]. Note, that for non degenerate bands, when
u 6= v, the (1+1)D model (3) is not integrable.
As in the previous subsection, we consider the case of
a half-filled occupation in which µ = 0 is realized for ar-
bitrary q, v and dimension of the lattice. The energy cal-
culations performed for different v and dimension of the
model support result of the Hubbard model, that mini-
mum of the energy is reached at q = −→pi . The energies of
quasiparticle excitations are determined as follows
E1±(k) =
1
2
[ε1d(k + pi) + ε2d(k)±√
4λ2 + (ε1d(k + pi)− ε2d(k))2],
E2±(k) =
1
2
[ε2d(k + pi) + ε1d(k)±√
4λ2 + (ε2d(k + pi)− ε1d(k))2], (4)
where ε1d(k) = −2u
∑d
j=1 cos kj and ε2d(k) =
−2v∑dj=1 cos kj , it is convenient to put u = 1 and con-
sider 0 ≤ v < 1 (the case v = 1 has been considered in
the previous subsection).
At half filling occupation the spectrum is symmetric
with respect to zero energy, it includes four branches
(see in Figs 4). The gap in the fermion spectrum ∆
is determined by the following expressions: ∆ = 4λ
√
v
1+v
for λ ≤ λ0 and ∆ = 2d( v− 1) + 2
√
λ2 + d2(1 + v)2 for
λ ≥ λ0, where λ0 = 2d
√
v(1+v)
1−v . In the limiting cases,
when v = 1 and v = 0, the gap is defined as follows
∆ = 2λ and ∆ = −2d+ 2√λ2 + d2 for arbitrary λ, since
λ0 →∞ at v→ 1− 0 and λ0 = 0 at v = 0.
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FIG. 4. (Color online) The spectrum of the chain of spinless
fermions as function of wave vector calculated at λ = 0.2 for
v = 0.5 a) (dotted lines fix the gap, here ∆ = 4λ
√
v
1+v
) and
v = 0 b), low energy spectrum c) (here ∆ = 2
√
1 + λ2 − 2).
At T=0K an equation which corresponds to the mini-
mal action Seff has the following form
λ
U
−
∑
k
λ√
4λ2 + (1 + v)2ε2d(k)
= 0. (5)
To visualize the behavior of the gap in the model
(3) we plot 3D graphics in Figs 5 for different dimen-
sions of the system. In the chain in the weak inter-
action limit, the gap in the spectrum is exponentially
small ∆ ' G exp
(
−pi
√
1+v2
U
)
, like this takes place in the
Hubbard model. The gap in the spectrum calculated in
square and cubic lattices opens at finite values of on-site
interaction, a minimal value of the gap is realized in the
case of one flat band (when v = 0).
CONCLUSIONS
We have shown that when half-filled occupation,
fermions of different bands hybridize with momenta,
shifted by pi, which leads to the formation of a gap in
a)
b)
c)
FIG. 5. (Color online) The gap ∆ in the fermion spectrum as
function of the strength of the on-site Hubbard interaction U
and hopping integral v calculated at half filling for the chain
a), and square b), cubic c) lattices.
the fermion spectrum. The gap state is stable, it corre-
sponds to breaking spontaneous symmetry. It is shown
that in the chain the gap occurs for arbitrary value of
the on-site Coulomb interaction, in the weak interaction
limit it is exponential small, as in an exact solution of the
Hubbard chain. In 2D and 3D dimensions the insulator
state is formed at a finite interaction value, so the Mott
transition happens for 2D (square lattice) at Uc = 0.3
and for 3D (cubic lattice) at Uc = 1. The proposed
approach allows us to describe the metal-insulator Mott
transition in the Hubbard and Falikov-Kimball models in
one formalism.
The studies were also supported by the National
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5METHODS
On-site Hubbard interaction
The model Hamiltonian for spin-degenerate electronic
states is defined as H = H0 + Hint, where H0 =
−∑<i,j>∑σ=↑,↓ a†i,σaj,σ and Hint = U ∑j nj,↑nj,↓.
The term Hint is conveniently rewritten as Hint =
−U∑j χ†jχj , where χ†j = a†j,↑aj,↓. The Hubbard-
Stratonovich transformation maps interacting fermion
systems to non-interacting fermions moving in an effec-
tive field (the λ-field), we define the interaction term in-
troducing the action S0
Sint = S0 +
∑
j
(
λ∗jλj
U
+ λjχ
†
j + λ
∗
jχj
)
. (6)
The canonical functional is defined as Z =∫ D[λ] ∫ D[χ†, χ]e−S , where the action S = 1U ∑j λ∗jλj +∫ β
0
dτΨ†(τ)[∂τ+Heff ]Ψ(τ) withHeff = H0+
∑
j(λjχ
†
j+
λ∗jχj), where Ψ(τ) is the wave function. We expect
λj to be independent of τ due to translational invari-
ance. According to the exact solution of the (1+1)D
Hubbard model, the on-site interaction does not break
translational symmetry, therefore only the phase of the
λ-field in Eq.(6) depends on the wave vector, namely
λj = exp(iqj)λ. Below we consider this solution for λj,
which takes place at local hybridization in (6). One can
integrate out the fermionic contribution to obtain the ac-
tion Seff for the λ-field, where ωn = T(2n+ 1)pi are the
Matsubara frequencies
Seff
β
= −T
∑
k
∑
n
ln[(−iωn+E+(k))(−iωn+E−(k))]+ |λ|
2
U
,
(7)
where
E±(k)] = µ+
ε(k) + ε(k + q)
2
±1
2
√
4λ2 + (ε(k)− ε(k + q))2.
(8)
It should be noted that the unit cell doubles, it deter-
mined by two wave vectors k and k + q. We define a
solution for λ in the saddle point approximation for the
functional L, the minimal action Seff will dominate if λ
satisfies the following condition ∂Seff/∂λ = 0.
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